Kaluza-Klein black hole with negatively curved extra dimensions in string generated 

gravity models 
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We obtain a new exact black-hole solution in Einstein-Gauss-Bonnet gravity with a cosmological 
constant which bears a specific relation to the Gauss-Bonnet coupling constant. The spacetime is a 
product of the usual 4-dimensional manifold with a (n — 4)-dimensional space of constant negative 
curvature, i.e., its topology is locally M n ~ M 4 x Ti n ~ 4 . The solution has two parameters and 
asymptotically approximates to the field of a charged black hole in anti-de Sitter spacetime. The 
most interesting and remarkable feature is that the Gauss-Bonnet term acts like a Maxwell source 
for large r while at the other end it regularizes the metric and weakens the central singularity. 
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Superstring/M-thcory is an attempt to unify all the 
forces in nature and for that it requires dimensions higher 
than usual four Q, In this theory, extra dimen- 
sions in our universe are considered to be compactified 
and hence are not accessible to present state of observa- 
tions. There has emerged an attractive string- inspired 
braneworld model in which the universe we live in is 
a four-dimensional timclikc hypersurface of a higher- 
dimensional bulk spacetime 0- |j- 01 In the latter, the 
fundamental scale could be of order of TcV, and one of its 
consequences would be creation of tiny black holes, whose 
detection in the upcoming high energy collider becomes 
a distinct possibility [||. 

Studies of higher dimensional spacetime and in par- 
ticular black hole or black object have therefore been 
pursued vigorously and extensively. Recently, the black 
object called the black p-brane has been investigated for 
its stability which should be closely related to stability 
of the fundamental string theory object D-brane. The 
black p-brane is the (n > 5)-dimensional black object 
locally homeomorphic to Ai n ~ p x 1Z P , where 1Z P is the 
p-dimensional flat space. The special case with p = 1 is 
called the black string. The instability of a black p-brane 
originally found by Gregory and Laflamme has occupied 
centrestage of investigations in this field 0. (See [| for 
a review.) 

On the other hand, in the low-energy limit of heterotic 
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superstring theory, the Gauss-Bonnet (GB) term natu- 
rally arises in the Lagrangian as the higher curvature 
correction to general relativity [i| . From a general stand- 
point it should also be included in the most general action 
for n > 5 which yields quasi-linear second order differen- 
tial equation. There is also a purely classical motivation 
for higher dimensions based on the ph ysic al realization of 
dynamics of self interaction of gravity |l0| . For n > 5, the 
GB term must naturally be included along with Einstein- 
Hilbcrt action in the Lagrangian giving rise to Einstein- 
Gauss-Bonnct (E-GB) gravity. 

The black p-brane solutions in E-GB gravity have re- 
cently been studied by several authors [Tl|. However, the 
generalization to the case with curved extra dimensions 
has not been done both in general relativity and in E- 
GB gravity. The purpose of this Letter is to report a 
new exact vacuum solution of E-GB gravity in a space- 
time locally homeomorphic to Ad* x % n ~ 4 for n > 6, 
where 7i"~ 4 is the (n — 4)-dimensional space of constant 
negative curvature. 

We write action for n > 5, 
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where a is the GB coupling constant and all other sym- 
bols having their usual meaning. The GB Lagrangian is 
the specific combination of Ricci scalar, Ricci and Rie- 
mann curvatures and it is given by 



Lgb = R 2 - IR^R'"' 



(2) 



This form of action follows from low-energy limit of het- 
erotic superstring theory 0. In that case, a is identified 
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with the inverse string tension and is positive definite 
which is also required for stability of Minkowski space- 
time. It should however be noted that it makes no con- 
tribution in the field equations for n < 4. 

The gravitational equation following from the action 
JU is given by 
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We consider the n-dimensional spacetime locally home- 
omorphic to M 4 x IC n ~ 4 with the metric, g^ v = 
di&g(g A B, rl"fab). A, B = 0, • • • , 3; a, b = 4, • • • , n - 1. 
Here qab is an arbitrary Lorentz metric on M 4 , tq is 
a constant and ^ a b is the unit metric on the (n — 4)- 
dimensional space of constant curvature K. n ~ 4 with its 
curvature k = ±1,0. Then Q 11 v gets decomposed as fol- 
lows: 
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where the superscript (4) means the geometrical quantity 
on M 4 . 

The decomposition immediately leads to a general re- 
sult in terms of the following no-go theorem on M 4 : 

Theorem 1 If (i) = — 2ka(n — 4)(n — 5) and (ii) 
aA = -{n 2 - 5n - 2)/[8(n - 4)(n - 5)], tfien £ A B = 
/or n > 6 and fc and A being non-zero. 

The proof simply follows from substitution of the condi- 
tions (i) and (ii) in Eq. As a corollary, it states that 
M 4 cannot harbour any matter/energy distribution un- 
less at least one of the conditions (i) and (ii) is violated. 

These conditions also imply for a > 0, k = —1 and 
A < 0. Hereafter we set k = — 1 and obtain the vac- 
uum solution with T^ v = satisfying the conditions (i) 



and (ii). The governing equation is then a single scalar 
equation on Ai 4 , Q a b = 0, which is given by 



1 W a W 2n-ll 
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We seek a static solution for a point mass with the 
metric on M 4 reading as: 

g AB dx A dx B = -f(r)dt 2 + -±-^dr 2 + r 2 dY? 2(k) , (9) 

where dT, 2 ,,^ is the unit metric on K 2 and k = ±1,0. 
Then, Eq. JSJ yields the general solution for the function 
f(r): 



f(r) = k + 
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where (i and q are arbitrary dimensionlcss constants. The 
solution does not have the general relativistic limit a — > 
0. There are two branches of the solution indicated by 
sign in front of the square root in Eq. H10|) . which we call 
the minus- and plus-branches. 

The n-dimensional black hole with (n — 4)-dimensional 
compact extra-dimensions is called the Kaluza-Klein 
black hole. The warp-factor of the submanifold r 2 . is 
proportional to GB parameter a which is supposed to 
be very small. Thus, compactifying H n ~ 4 by appro- 
priate identifications, we obtain the Kaluza-Klein black- 
hole spacetime with small and compact extra dimensions. 
Here we shall mainly focus on the physical properties of 
the solution while a detailed study of its geometric struc- 
ture and thermodynamical properties will be given in a 
forthcoming paper [l2^ . 

The function f(r) is expanded for r — ► oo as 
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This is the same as the Reissner-Nordstrom-anti-de Sitter 
(AdS) spacetime for k = 1 in spite of the absence of the 
Maxwell field. This suggests that /x is the mass of the 
central object and q is the charge-like new parameter. 

Further, the solution l|10(l agrees with the solution in 
the Einstein-GB-Maxwell-A system having the topology 
of M n w M 2 x K, n ~ 2 although it docs not admit n = 4. 
The solution is given for n > 5 by 
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where <? c is the coupling constant of the Maxwell field, 
and M and Q are mass and charge respectively ^|^[ . k 
is the curvature of K, n ~ 2 and a constant V^_ 2 is its surface 
area on compactifications. The non-zero component of 
the Maxwell field reads as 



representing the coulomb force of a central charge in n- 
dimcnsional spacetime. 

Thus the parameters fi and q act as mass and "charge" 
respectively in spite of the absence of the Maxwell field. 
The new "gravitational charge" q is generated by our 
choice of the topology of spacetime, splitting it into a 
product of the usual 4-spacetime and a space of con- 
stant curvature. This splitting gives rise to the Kaluza- 
Klein modes which are known to generate such a gravita- 
tional charge known as the "Weyl charge" in the Randall- 
Sundrum braneworld model [15|. There it is caused by 
the projection of the bulk Weyl curvature onto the brane, 
that is how it derives its name. 

One of the first and the simplest black hole solutions 
on the brane obtained by Dadhich et al. by solving the 
gravitational equation on the brane is indeed given by the 
Reissner-Nordstrom metric (See [13 for the rotating 
case.) The Weyl charge was taken to be negative so as to 
work in unison with the mass. In our solution as well, q 
must be negative so as to ward off any branch singularity 
indicated by vanishing of the expression under the square 
root in i|10|) . So we have a new Kaluza-Klein black hole 
with mass [i and Weyl charge q < sitting in an AdS 
spacetime. It is really remarkable that our new solu- 
tion asymptotically approximates (except for AdS back- 
ground) to the brane black hole which was obtained in 
quite a different setting . The common point between 
the two is splitting of spacetime into a bulk-brane system 
or a product. The Weyl charge seems to be caused by the 
Kaluza-Klein modes which require splitting of spacetime 
in some or the other way. Thus the Reissner-Nordstrom 
metric seems to be an asymptotically true description of 
black hole with GB adding AdS to it. 

Clearly the global structure of our solution will be 
similar to that of the solution (|13|) and it has been com- 
prehensively studied in Q. Note that /(0) = k T V^q, 



which produces a solid angle deficit and it represents a 
spacetime of global monopole 01 ■ This means that at 
r = curvatures will diverge only as 1/r 2 and so would 
be density which on integration over volume will go as r 
and would therefore vanish. This indicates that singular- 
ity is weak as curvatures do not diverge strongly enough. 

We plot f(r) and df /dr to get a good feel of the metric 
and gravitational field. Figs.n an d[5]respectively refer to 
black hole (in the minus-branch) and naked singularity 
(in the plus-branch) and they show that both metric and 
gravitational field always remain finite for finite r. That 
is why singularity is weak Q . 

The solution (|10|l is the general solution of Q a b = 
with the metric assumption @ in addition to the condi- 
tions (i) and (ii). Without the condition (i), it is obvious 
from Eq. JJJJ that the vacuum equations Q A B = are 
identical to those in general relativity with a cosmolog- 
ical constant. Then, by the generalized BirkhofFs thco- 
(14) rem, the general solution of Q A B = with the topology 
M 4 w M 2 x K 2 is Eq. © with f = k-fi/r- Xr 2 or the 
(anti-)Nariai solution. Being confronted with Q a b = 0, 
the former will lead to fi = [l^ . 

Now arises the question of the interior solution. Our 
ansatz for local topology places a stringent constraint for 
interior of black hole. It is rather natural to consider the 
situation where a and A in the interior are identical to 
those in the exterior. Consequently, the condition (ii) 
holds in the interior, too. Then, by the contraposition 
of the no-go theorem proven above, the matter interior 
represented by the metric g^ v = diag(g ab, r 2 ^;,) cannot 
satisfy the condition (i). Therefore, such an interior so- 
lution cannot be attached to our vacuum solution. How- 
ever, it could be attached to the interior with the metric 
diag(<jus, S(x D ) 2 "f a b), where S is a scalar on 



2a(n — 4)(n — 5). The matching problem to 



= 

at S 2 

the interior is a very involved and difficult problem which 
we shall address in our future studies. 

We have thus found a new Kaluza-Klein black hole so- 
lution of Einstein-Gauss-Bonnet gravity with topology of 
product of the usual 4-spacetimc with a negative constant 
curvature space. In this solution we have brought the GB 
effects down on four dimensional black hole as envisaged 
in ^3 • Asymptotically it resembles a charged black hole 
in AdS background while at the other end it approxi- 
mates to a global monopole. What really happens is that 
GB term regularizes the metric and weakens the singular- 
ity while the presence of extra dimensional hyperboloid 
space generates the Kaluza-Klein modes giving rise to 
the Weyl charge. This is indeed the most interesting and 
remarkable feature of the new solution which needs to be 
probed further for greater insight and application [l^ . 
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FIG. 1: The function of f(r) (solid line) and df/dr (dashed 
line) in the minus-branch solution with fc = l,a = 0.1,n = 6, 
jj, = 2, and q — —0.5. The solution represents a black hole 
with inner and outer horizons. There is a region with the 
repulsive gravity inside the outer horizon. 
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FIG. 2: The function of f(r) (solid line) and df/dr (dashed 
line) in the plus-branch solution with k = 1, a = 0.1, n = 
6, fi = 2, and q = —0.5. The solution represents a naked 
singularity and the gravity is attractive everywhere. 
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